Journal of Mathematical Chemistry Vol. 29, No. 3, 2001

A family of P-stable eighth algebraic order methods with
exponentia fitting facilities

JV. Aguiar?and T.E. Simos®*!

@ Departamento de Matematica Aplicada, Facultad de Ciencias, Universidad de Salamanca,
37008 Salamanca, Spain
b Section of Mathematics, School of Engineering, Department of Civil Engineering, University of Thrace,
GR-67 100 Xanthi, Greece
E-mail: tssimos@mail.ariadne-t.gr

Received 7 November 2000

A P-stable exponentially-fitted method of algebraic order eight for the approximate numer-
ical integration of the Schrodinger equation is developed in this paper. Since the method is
P-stable (i.e., itsinterval of periodicity isequa to (0, co), large stepsizes for the numerical in-
tegration can be used. Based on this new method and on a sixth algebraic order exponentially-
fitted P-stable method developed by Simos and Williams [1], a new variable step method is
obtained. Numerical results presented for the coupled differential equations arising from the
Schrédinger equation show the efficiency of the developed method.
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problem, scattering problems

1. Introduction

Much research has been done on the numerical solution of the radial Schrédinger
equation (see [2-9] and references therein). The scope of this work is the development
of an accurate and computationally efficient method that approximate the solution.

Theradial Schrodinger equation can be written as

Il+1
y'(x) = [% +Vx) - kz}y(X)- D

A lot of problems in theoretical physics and chemistry, in chemical physics, in physical
chemistry, in astrophysics, in eectronics and elsewere, are expressed with equations of
the above type (see, e.g., [10,11]). For the approximate solution of the problems of the
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previously mentioned type the development of suitable numerical methods is needed.
In (1) the function W (x) = I(I + 1)/x? + V(x) denotes the effective potential, which
satisfies W(x) — 0asx — oo, k% isarea number denoting the energy, [ is a given
integer and V is agiven function which denotes the potential. The boundary conditions
are

y(0) =0 2

and a second boundary condition, for large values of x, determined by physical consid-
erations.

One of the most popular and well known methods for the numerical solution of (1)
is Numerov's method. Thisis explained by the fact that Numerov's method is of order
four, has a phase-lag of order four (i.e., of the same order with the linear symmetric four-
step sixth algebraic order methods) and much more larger interval of periodicity than the
linear symmetric four-step methods. High order numerical methods for the eigenvalue
problem of the radial Schrodinger equation have been produced for some special poten-
tials V (x) which are even functions (see, e.g., [12,13]). We note here that due to the fact
that the Schrodinger type equations have oscillating solutions it would be of much in-
terest to investigate the construction of high algebraic order P-stable numerical methods
for their efficient solution. This is because when we have a P-stable method, large step
Sizes can be used without lost of accuracy.

The Runge—Kutta type or hybrid methods is an aternative approach for deriving
higher order methods. These type of methods has been proposed by Cash and Rap-
tis[14].

In [6] Simos has contructed low algebraic order (fourth algebraic order) P-stable
exponentially-fitted methods.

The purpose of this paper isthe development of P-stable exponentially-fitted eighth
algebraic order hybrid method for the solution of (1). In section 2 the stability analysis of
two-step methods is presented. In section 3 an one-parameter family of eighth algebraic
order methods is presented and the development of eighth algebraic order exponentially-
fitted method is described. In section 4 an error control mechanism is described. An
application of the proposed variable step method to the coupled differential equations
arising from the Schrédinger equation is presented in section 5, to show the efficiency
of the new methods.

2. Stability analysis

Great interest has been noticed the past years in the numerical solution of special
second order periodic initial-value problems (see [15] and references therein)

Y = f(x,y), y(xo)=yo, Y (x0)= Y5 3)
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In order to investigate the periodic stability properties of numerical methods for
solving the initial-value problem (3) Lambert and Watson [16] introduce the scalar test
equation

y' = —s% 4

and the interval of periodicity.
Based on the theory developed in [15], when a symmetric two-step method is ap-
plied to the scalar test equation (4), a difference equation of the form

Yn+1 — 2C(H)yn + Y1 = 0 (5)

is obtained, where H = wh, h is the step length, C(H) = B(H)/A(H), A(H) and
B(H) are polynomiasin H and y, isthe computed approximation to y(nh), n = 0, 1,
2,....

The characteristic equation associated with (5) is

s2—2C(H)s +1=0. (6)

Based on Coleman [15] when a symmetric two-step method is applied to the scalar

test equation y” = —w?y adifference equation (5) is obtained. The characteristic equa-
tion associated with (5) is given by (6). The roots of the characteristic equation (6) are

denoted as s1 and s».
We have the following definitions.

Definition 1 [17,18].The method (5) is defined as unconditionally stableif |s;] < 1 and
|so] < 1for all values of wh.

Definition 2. Following Lambert and Watson [16] we say that the numerical method (5)
has an interval of periodicity (0, HY), if, for al H? € (0, HY), s1 and s, satisfy:

5= and g, = e 00D, ™

where (H) isarea function of H.

Definition 3. [16]. The method (5) is P-stable if itsinterval of periodicity is (0, co).
And the following theorems:

Theorem 1. A method which has the characteristic equation (6), has an interval of
periodicity (0, HR), if for all H? € (0, HY) |C(H)| < 1.

For the proof see[19].



180 J.V. Aguiar / A family of P-stable eighth algebraic order methods

3.  Thenew family of eighth algebraic order P-stable methods

We consider the following family of implicit methods:
= 1 2 " 1 " 3
Yn+1/2 = E(yn + yn+1) —h ayy, + é —a ) Yan1 + O(h )’

- 1 "
Yn—1/2= é(yn + Yn-1) — (ayn (— - a>yn—1> + O(h3)’
(
(
hZ

. 1 _
Ynt+1/2 = E(yn + Yut1) — 1t 1oy1/1/+1/2 + yn) + O(hs)’

- 1 _
ynfl/zzé(yn +)’n—1) yn 1+loyl/‘l—1/2+yn) +O(h5)’

. 1
Yn+1/2 = é(yn + yn+1)
+0(n"),

1920 1920

2

5))1—1/2 =go(Yn + Yu-1) — 1920(
+0O(n"),

2
61440

+21yn 1) +O( )’
2

_ 1
Yn+1/4= —(3)’;1 + yn+1)

_n— =—(3 n n—
Vn—1/4 4()’ + yu-1) — 61440

+241y) ;) +O(r"),

Yns1=2Yn — Ya-1 — h*(qo¥ 1 + q1y) + qoy,_1 + q2(n 172 + Vi_12)

+ (J3(}7;,/+1/4 + )_’;[71/4))’

19y, 4 + 2045, 10 + 14y, + 45, 15 —

——(21y),, — 1845, ,, + 1506y + 4176

(8)
(9)
(10)
(11)

yl/z/—l)
12)

Yni1 T4V, 10 + 14y, + 2045, 4 5 + 19y, ,)

(13)

(241yn+1 + 4176&,/1’+1/2 + 1506y, — 184&,/1’_1/2

(14)

s

Vn—1/2

(15

(16)

where y," = f(Xn, Y)s Yiz1jo = f (nxr/2, Yyz1/2)> Vxaja = S Gnz/as Yyasa)> Vi1 =
S Gnt1/2, Iyz1/2)s Insajp = J(nz1/2, Yya1/5)- 0 order the above method to integrate

exactly any linear combination of the functions:

® x7, exp(£vx)}

{l, x, x2, 123, x* x5 x
we obtain the following system of equations:

2q0+q1 + 26]2 + 2613 = 1,

4840 + 1295 + 3q3 = 4,
38406]0 =+ 24042 —+ 15q;3 = 128,

(17)

(18)

w2|:2q3 cosh(%) + 2o cosh(w) + 2g> cosh(%) + ql] = 2cosh(w) —

where w = vh.
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Solving the above system of equations for ¢;,i = 0, 1, 2, 3, we obtain:

1 —30cosh(w) + 30 — 32 w? cosh(3 w) + 18w? cosh(3 w) + 29 w?
=30 w2 (—64 cosh(E w) — cosh(w) + 20cosh(2 w) + 45)

1 416 w? cosh(3 w) + 29 w? cosh(w) + 230 w? cosh(3 w)

’

9= 715 "2 (—6acosh(Z w) — cosh(w) + 20cosh(3 w) + 45)
3 1350 cosh(w) + 1350 19
w? (—64.cosh(3 w) — cosh(w) + 20coshl (5 w) + 45) (19)
1 256w?cosh(; w) + 9w? cosh(w) — 115w? — 300 cosh(w) + 300
2="15 w2 (—64 cosh(2 w) — cosh(w) + 20cosh(2 w) + 45) ’
16 w? cosh(w) + 16 w? cosh(3 w) + 13w? — 60 cosh(w) + 60
q3= ¢ .

15 w?(—64cosh(; w) — cosh(w) + 20cosh(5 w) + 45)

In order to avoid cancelations for small values of w, the following Taylor series
expansions can be used:

_ 47 3 2 257 4 16691 6
90 = 3756 — 753600 W T Totoooeaoo W T 2217642547200 W
_ 121447 - 65572457 wlo
18364231581696000 4195859631785902080000
213452429 12 100897105901 14
+ S557515E Tase002 88039650 W — TITIAeIasessaasasssoodeiooon W T s (20)
_ 57, 31 .2 257 4 16691 6 121447 8
91= 7 1 5040 71288960 W 247973806080 W T 204047017574400 W
_ 65572457 wio _ 213452429 w2
46620662575398912000 31746806387343643115520
100897105901 14
+ T5238a67T065924948695aa060000 W T (21)
_ 332 31 .2 257 4 16691 6 121447 8
92 =545 1 22680 W — msoosz0 W — 1iissszizraco W T 918211579084800 W
_ 65572457 wio _ 213452429 12
209792981589295104000 142860628743046394019840
100897105901 14
+ 5857310179666226912952320000 + (22)
_ 256 62 .2 257 4 16691 6 121447 8
93=—9s5 — 15 W T 937600 W T 328713164800 W 286041118464000 W
n 65572457 w0t 213452429 w2
65560306746654720000 24643946432201998131200
100897105901 14
~ 2127909431145695910297600000 ¥ T - (23)

It is easy for one to see that when w = i¢, wherei = +/—1, then the method
integrates exactly any linear combination of the functions:

{1, x, x2, x3, x4, x°, x8, x7, cos(¢x), Sil’l(q&x)}. (249

Now we must calculate the free parameter a in order to obtain a P-stable method.
If we apply the new method (with coefficients obtained for the trigonometrically-fitted
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method) to the scalar test equation (4) we get a difference equation of the form (5) and a
characteristic equation (6) with A(H) and B(H) given asfollows.

4 6, 1129 499 148 2
A(H) = 960 5q2 H + 1920 92 H” + 35093 H “+ sgoaza 1 93+ H™ qo

1
+9216H8‘12+1+‘12H2 73?281{8‘13“ ﬁngS 2a+§‘13H2

499 6
+ Toes0 43 H (25)
_ 1 2 142 6 499 6 1751 4
B(H)—_Z‘BH —39H"—3H Q1_1920‘12H e 13 1 — 37013 H

59 4 499 48 13 148
+1-g5a2H" — 375 H qza — 1355 H q2a,

where H = sh.
So, we have

A(H)+ B(H) = 7552 H* — 1355 3 H* + 5o H® g3+ H? qo + 55 H® g2 + 2
+1gH? — 22 H8qza— 2 H8qra—1qsH?— 1 H?q1,  (26)

36864
AH)— BH)=3q2 H* + 55 g2 H® + S qs H* + g HBq3 + H?qo + 555 H%q2
+3 g H?+ 2qs H? + g5 qs HS + 1 H? q1. 27

Substituting the coefficients of the method obtained above to the stability poly-
nomias (26) and (27) we observe that the polynomial A(H) — B(H) > 0 for all
H € (0,00). About polynomia A(H) + B(H) we observe that if we require that
the coefficient of H® to be greater or equal to [100 — the coefficient of H?*], then
A(H)+B(H) > Oforal H e (0, co). Based on the above remark we find the following
value of a:

a = — 3(—6635297537 w? + 155 w? cos(w) + 39920 w? cos( w)
+ 17694555136 w? cos(% w) — 71700 + 71700 cos(w)
+ 2211334656 w? cos($ w)” — 13272445440 w? cos(2 w)°

— 29583360 cos(% w)* + 29583360 cos(2 w)?)
/ (14340 — 14340 cos(w) — 12467 w? + 13312w? cos(3 w)
— 7984 w? cos(2 w) — 31w? cos(w)). (29)

The appropriate Taylor series expansi on for the above coefficient is given by:

54428471 16800258699 _ 321764515985367

4=""7230 + 107648000 " 439548313600000
+ 2385315279219883013 6 _ _ 14396843264530991601529 8
2121084342108160000000 8660811585696038912000000000
+ 429909196780144892537035079 10
54653185430376283950284800000000000
17860240376025128796537573995407783 12

" 1488253284731164679871479509155840000000000000
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+ 44020665053241470066636359265331854143 w14 4. (29)
3867077335045458304178052356590534656000000000000000 :

Applying the Taylor series expansions of y,.1, v, and y,_1 about x,, in (8)—(16)
we have the following result for the local truncation error (LTE) of the family of
exponentially-fitted methods (8)—16):

LTE = ——Blhlo (y(lo) — w? y(s)) (30)
232243200 " o

For comparison purposes in table 1 we list the properties of two-step hybrid
exponentialy-fitted method developed in this paper, together with the corresponding
properties of some similar two-step exponentially-fitted methods presented previously
in the literature. We present the properties of the methods. MI: Numerov’s method,
MI1: derived by Raptis and Allison, MIII: derived by Raptis and Cash, M1V: method of
Thomas, Mitsou and Simos—case |, MV: method of Simos and Williams, MV 1: method
of Simos and Williams [1] and MVII: the new developed method. We note that al the
methods presented in the table are implicit.

4, Error estimation —local error estimation

There are several methods in the literature for the estimation of the local truncation
error (LTE) for the integration of systems of initial-value problems (see, e.g., [20]).

Theloca error estimation technique in this work is based on an embedded pair of
integration methods and on the fact that when the algebraic order is minimal then the
approximation of the solution for the problems with an oscillatory or periodic solution
is better.

We have the following definition.

Definition 4. We define the local error estimate in the lower order solution y/, ; by the
quantity

LEE = |y/1 = yhal, (31)

Table 1
Properties of some two-step exponentially-fitted methods. S = {H% H = qm, q =
1,2,...}, A.0.isthe adgebraic order of the method, inter. period isthe interval of period-

icity of the method.
Method A.O. Inter. period Integrated exponential functions
Ml 4 (0,6) 1, x, xz, x3, x4, x°
M1l 4 (0,00) — § 1, x, x2, x3, exp(+ wx)
Ml 6 (0,00) — § 1, x, x2, x3, x4, x3, exp(£ wx)
MIV 4 0,00) — S 1, x, x2, x3, x4, x5, x6, x7, exp(x wx)
MV 4 0,00) — S 1, x, x2, x3, x4, x5, x6, x7, x8, xg, exp(£ wx)
MVI 6 (0, 00) 1, x, x2, x3, x4, x3, exp(£ wx)
MVII 8 (0, 00) 1, x, x2, x3, x4, x5, x6, x7, exp(x wx)
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where y/’, is the solution obtained with P-stable method of algebraic order eight de-
veloped in this paper and y/, ; is the solution obtained with P-stable exponentially-fitted
method of sixth algebraic order developed by Simos and Williams [1].

Remark 1. Under the assumption that / is sufficiently small, the local error in y/. ; can
be neglected compared with that in y ., ;.

If thelocal error of acc isrequested and the step size of the integration used for the
nth step length is &, the estimated step size for the (n + 1)st step, which would give a
local error of acc, must be

acc \ V1 32
hn+1::hn(EEE> s ( )

where ¢ isthe algebraic order.

However, for ease of programming we have restricted all step changes to halving
and doubling. Thus, based on the procedure developed in [21], the step control procedure
which we have actually used is

If LEE < acc, hyt1 = 2hy;

If 100 acc > LEE > acc, h,i1 = hy; (33)

hy
If LEE > 100 acc, I > and repeat the step.

We note, here, that the local error estimate is in the lower order solution y,ﬁrl.
However, if thiserror estimate is acceptable, i.e., lessthan acc, we adopt the widely used
procedure of performing local extrapolation. Thus, although we are actually controlling
an estimate of the local error in lower order solution y~, ,, it isthe higher order solution
yi 1 which we actually accept at each point.

5. Numerical illustrations

In the present section we will illustrate the efficiency of the described in section 4
variable-step technique by applying it to the numerical solution of coupled differential
equations arising from the Schrodinger equation.

5.1. Coupled differential equations

The close-coupled differential equations of the Schrédinger type may be writtenin
the form

? L+ 1) Al
[@ + k- Z Viij|yij = Z VimYmj (34)

m=1

forl<i<Nandm #1i.
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We have investigated the case in which al channels are open. So, the boundary
conditions are (see for details [21]):

yj =0 ax=0, (35)
o\ 12

yij ~ kixj (kix)d;; + (k—l> Kijkixn;(kix), (36)
J

where j;(x) and »n;(x) are the spherical Bessel and Neumann functions, respectively.
The methods here have much larger intervals of periodicity than Numerov's method
(and many other traditional difference methods). This property is essentia to avoid nu-
merical instabilities. Such methods are thus very suitable for problems involving closed
channels.

Using the detailed analysis developed in[21] and defining amatrix K’ and diagonal
matrices M, N by:

K\ Y2
K, = (—> Kij, M;; = kixji, (kix)dij, N;j = kixng; (kix)d;;,

we find that the asymptotic condition (36) may be written:
y~M+NK'. (37)

The iterative Numerov method of Allison [21] iswell known for problems of this type.

An example of aproblem that can be transformed to aset of close-coupled differen-
tial equations of the Schrodinger type isthe rotational excitation of adiatomic molecule
by neutral particle impact. Denoting, as in [21], the entrance channel by the quan-
tum numbers by (j, [), the exit channels by (', /'), and the total angular momentum by
J=j+1=j +1U, wefindthat

d? I'd+1 s .
[dxz iz, - U >] ’/,/’<>—hzZZ U IV L. (39)

j " 1

where

hZ
E is the kinetic energy of the incident particle in the center-of-mass system, I is the

moment of inertia of the rotator, and w is the reduced mass of the system.
Following the analysis of [21], the potential V may be written

2
by = 2 e+ LG+ 1 - 70+ )], @)

V(x, Ky Kj5) = Vo) Po(Kyrj - ki) + Vo) Pa(k ;- k), (40)
and the coupling matrix element is

(JU V15 T) =808 Vox) — fo(j'l, j'1"; T)Va(x), (42)
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where the f, coefficients can be obtained from formulae given by Berstein et a. [22],
k;/; isaunit vector parallel to the wave vector k;/; and P;, i = 0, 2, are Legendre poly-
nomials (see for details [22]). The boundary conditions may then be written (see [21])

Yix)=0 ax=0, (42)
: . In k\Y%
y;/],/l(x) ~ 88 exp[—n(kj,-x — 7)] — (k_> SJ(]I; J l)
J
. I'rm
X eXp|:I<kj/jx — 7)], asx — 00, (43)

where the scattering matrix S isrelated to the K matrix of (36) by the relation
S={+iK)I —iK)™L (44)

The calculation of the cross sections for rotational excitation of molecular hydrogen
by the impact of various heavy particles requires a numerica method for step-by-step
integration from the initial value to the matching points.

In our numerical test, we choose the S matrix given by the following parameters

2
2 =10000, L=231 E=11
h I

1 2
Vo(x) = ﬁ - F’ Vz(x) = 02283V0(X)

Following [21], wetake J = 6 and consider excitation of the rotator from the j = O state
tolevelsup to j = 2, 4 and 6 giving sets of four, nine and sixteen coupled differential
equations, respectively. Following Berstein [23] and Allison [21] a reduction of the
interval [0, oo) to [xg, 0] ismade. The wave functions are then zero in this region and,
consequently, the boundary condition (42) may be written

¥ (x0) = 0. (45)
For the numerical solution we have used
(i)  the lterative Numerov method of Allison [21],
(ii) the variable-step method of Raptis and Cash [24],
(iii)  the variable-step method of Simos[25],
(iv) the variable-step exponentialy-fitted method of Simos and Williams [26],
(v) theexplicit variable-step method developed in [27],
(vi) thevariable-step Bessal and Neumann fitted method developed in [28],
(vii) the variable-step fourth algebraic order method developed in [3],
(viii) the variable-step sixth algebraic order method developed in [3],
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(ix) the method RKN12 described in [29, p. 298]. This method is based on the
Runge—K utta—Nystrom method of order 12(10) developed by Dormand et al.
[30], and

(x) the new variable-step P-stable exponentialy-fitted method developed in this
paper.

In table 2, we present the real computation time required by these methods to cal cu-
late the square of the modulus of the S matrix for sets of 4, 9 and 16 coupled differential

Table 2
RTC (real time of computation (in seconds)) to calculate |S|2 for the variable-step methods (i)—~(x).
acc = 10*6, hmax is the maximum step size, MErr is the maximum absol ute error.

Method N hmax RTC MErr

Iterative Numerov [21] 4 0014 325 12.1073
9 0014 2351 57-1072
16 0014 99.15 6.8.10°1

Variable-step method of Raptis and Cash [24] 4 0056 155 89.1074
9 0056 843 7.4-1073
16 0056 4332 86-1072

Variable-step method of Simos [25] 4 0.056 1.05 80-1074
9 0056 525 67-10°3
16 0056 2715 81-1072

Variable-step method of Simos and Williams [26] 4 0448 024 52.1074
9 0448 096 4.4-1073
16 0448 504 6.4.-1072

Variable-step method of Simos [27] 4 0448 027 53-1074
9 0448 148 45.1073
16 0448 631 65-102

Variable-step method of Simos and Williams [28] 4 0448 018 45.1074
9 0448 092 38.10°3
16 0224 532 42.1072

Variable-step methods of order four of Avdelas and Simos [3] 4 0112 137 84.1074
9 0112 772 70.10°3
16 0112 3311 84.10°2

Variable-step methods of order six of Avdelas and Simos [3] 4 0224 103 81-107%
9 0224 691 67-10°°
16 0224 1405 7.1-1072

RKN12 4 0224 078 96-107°
9 0224 493 98.107%
16 0224 1325 95.1073

Variable-step P-stable exponential ly-fitted 4 08% 003 21-10°8

method developed in this paper 9 08% 021 92.10°8
16 0896 172 3.4-1077
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equations. In the same table the maximum absolute error is also presented. Intable2, N
indicates the number of equations of the set of coupled differential equations.

6.

Remarks and conclusion

Inthis paper avariable-step technique for the numerical solution of the Schrédinger

equation and related problems is described.

From the results presented above we arrive to the following conclusions.

1. The variable-step fourth and sixth algebraic order methods of Avdelas and
Simos [3] are more efficient (more accurate and more rapid) than the lterative
Numerov of Allison [21], the variable-step method of Raptis and Cash [24] and
the variable-step method of Simos [25].

2. Themethod of Simos and Williams[26] and the method of Simos[27] are more
efficient than the Iterative Numerov of Allison [21], the variable-step method of
Raptis and Cash [24], the variable-step method of Simos [25], the variable-step
fourth and sixth algebraic order methods of Avdelas and Simos[3]. The method
of Simos and Williams [28] is more efficient than the method of Simos [27].

3. Findly, the new variable-step P-stable exponentia ly-fitted technique isthe most
efficient one.
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